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EIGENVALUES ON THE LAPLACIAN WITH DENSITY
SALAM KOUZAYHA AND LUC PÉTIARD
Abstract. Let (M, g) be a compact Riemannian manifold with a boundary of class C 1. We are
interested in the spectrum of the weighted Laplacian onM with Neumann boundary conditions.
More precisely, given ρ and σ two positive functions on M , we study the eigenvalues of the
equation −div(σ∇u) = λρu. Inspired by a recent work of B. Colbois and A. El Soufi [CES19],
we investigate upper bounds for the eigenvalues in the case where σ = ρα, α > 0. We show
that α = n−2n plays a critical role in the estimation of the spectrum when the total mass of ρ
is fixed.
1. Introduction
Let (M, g) be a compact Riemannian manifold of dimension n > 2 with a boundary of class C 1.
Let ρ and σ be two positive continuous functions defined on M . For all u ∈ H1(M), we denote
by ∇u the gradient of u with respect to the metric g and we consider the Rayleigh quotient
R(g,σ,ρ)(u) =
∫
M |∇u|2σdVg∫
M u
2ρdVg
. (1.1)
Its corresponding eigenvalues are given, for k ∈ N, by
λgk(ρ, σ) = inf
Ek+1⊂H1(M)
sup
u∈Ek+1\{0}
R(g,σ,ρ)(u),
where Ek+1 runs through the (k + 1)-dimensional vector subspaces of H1(M) and dVg is the
volume element induced by the metric g.
Under some regularity conditions on ρ and σ, λgk(ρ, σ) is the k-th eigenvalue of the problem
− div(σ∇u) = λρu in M, (1.2)
with Neumann conditions on the boundary. When there is no risk of confusion, we use λk(ρ, σ)
instead of λgk(ρ, σ). We said in the introduction that the spectrum of (1.2) is discrete, and can
be ordered in a positive nondecreasing sequence that tends to infinity. Also, λ0(ρ, σ) = 0, the
constant functions being eigenfunctions for λ0. Although we can’t find the eigenvalues explicitly
in general, we can estimate them when we fix the total mass of ρ to get some interesting
inequalities.
What we do here is a continuation of several works that aimed to find a good choice of geometric
restriction such that the supremum of the eigenvalues is bounded from above. The conformal
spectrum is an important one and has been widely studied. Indeed, let us introduce the quantity
λck(M, [g]) = sup
g′∈[g]
λk(M, g′),
then an upper bound on this quantity was found by Korevaar [Kor93, Theorem 0.4]. A lower
bound was later found by B. Colbois, A. El Soufi in [CES03, Corollary 1]. Together, these
results read:
nω
2
n
n k
2
n 6 λck(M, [g]) 6 C([g])k
2
n (1.3)
where ωn is the volume of the unit ball in dimension n and C([g]) is a constant depending only
on n and on the conformal class of g. The lower bound is actually a corollary of an interesting
result concerning the gap between two extremal eigenvalues, which states that
λck+1(M, [g])− λck(M, [g]) > n
n
2ωn.
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2 SALAM KOUZAYHA AND LUC PÉTIARD
As the problem of the Laplacian with densities is very general, we chose to restrict ourselves to
some particular class of densities. In this chapter, we are interested in the problem (1.2) when
σ = ρα, and α ∈ [0, 1]. The results we obtain on the spectrum λgk(ρ, ρα) are supported by the
three following important theorems, that led our motivation and intuition:
• When α = 0, A. El Soufi and B. Colbois proved in [CES19, Corollary 4.1] that, for any
compact Riemannian manifold (M, g0) with density ρ, and for any metric g conformal
to g0 such that
∫
M ρdVg = |M |g, one has
λk(ρ, 1)|M |
2
n
g 6 Cnk
2
n +Dn|M |
2
n
g0 ,
where Cn and Dn are constants depending only on n.
• Another important problem is when α = 1, that is, σ = ρ. The associated operator is
called the Witten Laplacian and was treated by B. Colbois, A. El Soufi and A. Savo.
In their work [CESS15, Theorem 5.2], they proved that, contrary to the previous cases,
one cannot bound the eigenvalues from above on all manifolds. Indeed, on a compact
manifold of revolution endowed with the Gaussian radial density ρm = e−m|x|
2 , one has
for m large enough,
λ1(ρm, ρm) > m.
• A further important case is when α = n−2
n
, and actually comes from several works on the
conformal spectrum. We get an upper bound thanks to the work of A. Hassannezhad
[Has11, Theorem 1.1], where she finds an inequality for the classical Laplace equation:
λgk(1, 1)|M |
2
n
g 6 Ank
2
n +BnV ([g])
2
n
where An and Bn are two constants which only depend on n, and V ([g]) is the geometric
quantity defined by:
V ([g]) = inf {|M |g′ : g′ is conformal to g and Ricci(g′) > −(n− 1)g′} .
If we now take ρ a positive continuous function on M satisfying
∫
M ρdVg = |M |g, one
can easily check that |M |
ρ
2
n g
=
∫
M ρdVg = |M |g and λρ
2
n g
k (1, 1) = λ
g
k(ρ, ρ
n−2
n ). Since g
and ρ 2n g are conformal, then V ([ρ 2n g]) = V ([g]). Thus we obtain
λgk
(
ρ, ρ
n−2
n
)
|M |
2
n
g = λρ
2
n g
k (1, 1)|M |
2
n
ρ
2
n g
6 Ank
2
n +BnV ([g])
2
n ,
which gives us an upper bound for λgk (ρ, ρα) in the case where α is equal to n−2n ·
For the following we will denote by λ∗k,α(M, g) the supremum of λ
g
k(ρ, ρα) on the set of all
densities ρ satisfying
∫
M ρdVg = |M |g, that is,
λ∗k,α(M, g) = sup
ρ
{
λgk(ρ, ρα),
∫
M
ρdVg = |M |g
}
.
We believe that a uniform lower bound of the same type as in equation (1.3) does not exist for
this supremum if α ∈
[
0, n−2
n
]
. Indeed, when α = 0, we can always find a 1-parameter family
of metrics of volume 1 making it very small. The construction of these metrics can be found in
[CES19, Theorem 5.1], and should be generalised for α ∈
(
0, n−2
n
]
. More generally, it is still an
open question to know if there exists a non-negative bound for the spectral gap with densities,
that is:
λ∗k+1,α(M, g)− λ∗k,α(M, g) > K(g)
where K(g) > 0 is a constant depending only on the metric.
An interesting question is to study the behaviour of the spectrum for different values of α.
In fact, through the theorems 1 and 2, we will see that α = n−2
n
plays a significant role. To
highlight this, we first show λ∗k,α(M, g) is bounded when α runs over the interval
(
0, n−2
n
)
:
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Theorem 1. Let n > 2. Then there exist An, Bn two positive constants such that, for any
bounded domain M with boundary of class C 1 of a complete Riemannian manifold (M˜, g˜0)
of dimension n, verifying Ricci(g˜0) > −(n − 1)g˜0, we have, for every metric g conformal to
g0 := (g˜0)|M , for all α ∈
(
0, n−2
n
)
, and every density ρ such that
∫
M ρdVg = |M |g:
λk(ρ, ρα)|M |
2
n
g 6 Ank
2
n +Bn|M |
2
n
g0 .
Remark 1.
Let g be a metric defined on M such that g0 = ric0g, for some ric0 > 0. Then if Ricci (g0) >
−(n− 1)g0, we have Ricci(g) > −(n− 1)ric0g and |M |g0 = ric
n
2
0 |M |g. The following corollary
follows:
Corollary 2.
Let M be a bounded domain with boundary of class C 1 of a complete Riemannian manifold
(M˜, g˜) of dimension n > 2 such that Ricci(g˜) > −(n − 1)ric0g˜ and let g = g˜|M . For every
density ρ such that
∫
M ρdVg = |M |g, we have:
λk(ρ, ρα)|M |
2
n
g 6 Ank
2
n +Bnric0|M |
2
n
g
where α ∈
(
0, n−2
n
)
and ric0 > 0.
In the last section we show that λ∗k,α(M, g) is infinite when α belongs to
(
n−2
n
, 1
)
, and (M, g)
is a manifold of revolution.
Remark 3.
A natural question emerges: what happens when α > 1? We believe the supremum is not
uniformly bounded and can be infinite for some manifolds. However, our attempts in that
direction remained fruitless.
2. Bounding the eigenvalues from above
In this section, we suppose that α ∈
(
0, n−2
n
)
. We define M as a bounded submanifold of
dimension n of a complete Riemannian manifold (M˜, g˜0) with Ricci curvature bounded from
below and ρ as a positive continuous function on M . Using the same argument of A. El Soufi
and B. Colbois in [CES19, Theorem 4.1], we are able to maximise the eigenvalues λk(ρ, ρα) on
the class of metrics conformal to g0 = g˜0|M under the preservation of the total mass of ρ.
The following lemma was first introduced by Asma Hassannezhad in [Has11, Theorem 2.1]. It
is based on two important technical results of Grigor’yan, Netrusov, Yau (see [GYY04, section
3]) and Colbois, Maerten [CM08, Corollary 2.3]. We say that a metric measured space (X, d, µ)
satisfies the (2, N ; 1)-covering property if every ball of radius r 6 1 can be covered by N balls
of radius r2 .
Lemma 4. Let (X, d, µ) be a complete and locally compact metric measured space, where µ
is a non-atomic measure. Suppose X satisfies the (2, N ; 1)-covering property. Then for every
k ∈ N∗, there exists a family of 4(k + 1) measurable sets Fj, Gj with the following properties:
(1) Fj ⊂ Gj.
(2) The Gj’s are mutually disjoint.
(3) µ(Fj) > µ(X)c2(k+1) with c = c(N) a constant which depends only on N .
(4) The (Fj, Gj)’s are of the following two types:
• For all j, Fj is an annulus A = {r 6 d(x, a) < R},
and Gj = 2A =
{
r
2 6 d(x, a) < 2R
}
with 0 6 r 6 R and 2R < 1, or:
4 SALAM KOUZAYHA AND LUC PÉTIARD
• For all j, Fj is an open set F ⊂M,
and Gj = F r0 = {x ∈M ; d(x, F ) 6 r0} with r0 = 11600 .
Proof of Theorem 1. To prove Theorem 1, we construct k+ 1 test functions on M with disjoint
supports and controlled Rayleigh quotients. The idea is to use the covering property that was
applied by A. Hassannezhad in [Has11, Theorem 2.1] to find k + 1 functions defined on M
with disjoint supports and controlled Rayleigh quotients. Let µ be the measure defined by its
volume element µ = ρdVg. Since Ric(g˜0) > −(n − 1)g˜0, the metric measured space (M˜, d˜0, µ)
satisfies the (2;N ;1)-covering property for some fixed N (see [Has11]), and we can apply Lemma
4. Define the distance d0 as the restriction on M of the distance d˜0 induced by g˜0. We are
going to treat two cases separately:
First case: Fj is a generic annulus A and Gj = 2A.
r
r
2
r
2
d0(x, a)
12Rr
R
2A
A
2R
R
1
Figure 1. Behaviour of uA
Define the function uA supported in Gj = 2A by:
uA(x) =

2
r
d0(x, a)− 1 if r2 < d0(x, a) < r
1 if r < d0(x, a) < R
2− 1
R
d0(x, a) if R < d0(x, a) < 2R.
Since u = 1 on A, then we have∫
M
u2AρdVg >
∫
A
u2AρdVg =
∫
A
ρdVg = µ(A) >
µ(M)
c2(k + 1) . (2.1)
On the other hand, using Hölder’s inequality repeatedly on the integral
∫
M |∇guA|2ραdVg and
the fact that the generalised Dirichlet energy
∫
2A |∇guA|ndVg is a conformal invariant, we get∫
M
|∇guA|2ραdVg =
∫
2A
|∇guA|2ραdVg 6
(∫
2A
|∇guA|ndVg
) 2
n
(∫
2A
ρ
nα
n−2 dVg
)n−2
n
6
(∫
2A
|∇guA|ndVg
) 2
n
(∫
2A
ρdVg
)α (∫
2A
1dVg
)n−2
n
−α
=
(∫
2A
|∇g0uA|ndVg0
) 2
n
µ(2A)α|2A|
n−2
n
−α
g .
Since
|∇g0uA| =

2
r
if r2 < d0(x, a) < r
0 if r < d0(x, a) < R
1
R
if R < d0(x, a) < 2R,
we obtain: ∫
2A
|∇g0uA|ndVg0 6
(2
r
)n
|B(a, r)|g0 +
( 1
R
)n
|B(a, 2R)|g0 . (2.2)
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But r 6 2R 6 1 and Ric(g0) > −(n − 1)g0. It is also a well known fact that thanks to the
Bishop-Gromov comparison Theorem, one can compare the volume of any ball in (M, g0) to
the volume of the ball of same radius in the hyperbolic space of constant curvature −1. More
information can be found in [Zhu97, Theorem 3.1]. We deduce that the right-hand side of
inequality (2.2) is bounded from above by a quantity A˜n depending only on n. Hence the
following inequality holds:∫
M
|∇guA|2ραdVg 6
(
A˜n
) 2
n µ(2A)α|2A|
n−2
n
−α
g . (2.3)
From (2.1) and (2.3), we deduce that the Rayleigh quotient is bounded as follows:
R(g,ρ,ρα)(uA) =
∫
M |∇guA|2ραdVg∫
M u
2
AρdVg
6
(
A˜n
) 2
n c2
µ(2A)α|2A|
n−2
n
−α
g
µ(M) (k + 1). (2.4)
Second case: Fj is a generic subset V of M and Gj = V r0 , the set at distance r0 from V .
r0F
F r0
Figure 2. Behavior of uV
We define the function uV supported in V r0 by:
uV (x) =

1 if x ∈ V
1− 1
r0
d0(x, V ) if x ∈ V r0\V
0 if x ∈M \ V r0
Here we have: ∫
M
u2V ρdVg >
∫
V
ρdVg = µ(V ) >
µ(M)
c2(k + 1)
and we also use Hölder as in the previous case:∫
M
|∇guV |2ραdVg =
∫
V r0
|∇guV |2ραdVg 6
(∫
V r0
|∇guV |ndVg
) 2
n
(∫
V r0
ρ
nα
n−2 dVg
)n−2
n
6
(∫
V r0
|∇guV |ndVg
) 2
n
(∫
V r0
ρdVg
)α (∫
V r0
1dVg
)n−2
n
−α
=
(∫
V r0
|∇g0uV |ndVg0
) 2
n
µ(V r0)α|V r0|
n−2
n
−α
g .
Since
|∇g0uV (x)| =
{
0 if x ∈ V
1
r0
if x ∈ V r0\V
we get ∫
V r0
|∇g0uV |ndVg0 =
1
rn0
|V r0\V |g0 6
1
rn0
|V r0|g0 ,
and then ∫
M
|∇guV |2ραdVg 6
|V r0|
2
n
g0µ(V r0)α |V r0|
n−2
n
−α
g
r20
.
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We conclude that
R(g,ρ,ρα)(uV ) 6 Bn
|V r0|
2
n
g0µ(V r0)α|V r0|
n−2
n
−α
g
µ(M) (k + 1), (2.5)
where Bn = c
2
r20
depends only on n. Thus we were able to bound the two Rayleigh quotients by
some quantities. We are going to show that these quantities can actually be bounded in the
following way.
We use the next lemma, whose proof is given at the end of this section.
Lemma 5. Let M be a Riemannian manifold and let ν1, ν2, ν3 be any measures on M . Take a
collection of K disjoint open subsets (Ui)i in M . If K > 4k + 1 for some k ∈ N∗, then there
exist k + 1 open subsets in this collection such that they satisfy the three conditions below:
ν1(Ui) 6
ν1(M)
k + 1 , ν2(Ui) 6
ν2(M)
k + 1 and ν3(Ui) 6
ν3(M)
k + 1 .
As the 4k + 4 sets Gj are disjoint, we deduce there exist k + 1 sets among them satisfying the
following three inequalities:
|Gj|g0 6
|M |g0
k + 1 , |Gj|g 6
|M |g
k + 1 and µ(Gj) 6
µ(M)
k + 1 .
Using the previous estimates of the Rayleigh quotients (2.4) and (2.5), we obtain k+1 disjointly
supported functions uj, j = 1, . . . , k + 1, with Rayleigh quotients satisfying either
R(g,ρ,ρα)(uj) 6
(
A˜n
) 2
n c2
µ(Gj)α|Gj|
n−2
n
−α
g
µ(M) (k + 1)
6
(
A˜n
) 2
n c2
µ(M)α|M |
n−2
n
−α
g
(k + 1)α(k + 1)n−2n −αµ(M)
(k + 1)
=
(
A˜n
) 2
n c2
(
k + 1
|M |g
) 2
n
6 An
(
k
|M |g
) 2
n
,
or
R(g,ρ,ρα)(uj) 6 Bn
|Gj|
2
n
g0µ(Gj)α|Gj|
n−2
n
−α
g
µ(M) (k + 1)
6 Bn
|M |
2
n
g0µ(M)α|M |
n−2
n
−α
g
(k + 1) 2n (k + 1)α(k + 1)n−2n −αµ(M)
(k + 1)
= Bn
( |M |g0
|M |g
) 2
n
.
Consequently λgk(ρ, ρα) is bounded above and
λgk(ρ, ρα)|M |
2
n
g 6 Ank
2
n +Bn|M |
2
n
g0 .

Proof of Lemma 5. First, notice that at most k subsets are such that ν1(Ui) > ν1(M)k+1 . Indeed,
assume there exist k + 1 subsets verifying ν1(Ui) > ν1(M)k+1 . Then the volume for ν1 of these
(disjoint) subsets would be greater than the volume of M , which is a contradiction.
Now we know we can work on a collection of K−k sets Ui satisfying ν1(Ui) 6 ν1(M)k+1 . We repeat
the idea to take K−2k sets from this collection that satisfy ν1(Ui) 6 ν1(M)k+1 and ν2(Ui) 6 ν2(M)k+1 .
EIGENVALUES ON THE LAPLACIAN WITH DENSITY 7
We repeat again, and finally extract from these the K − 3k smallest sets for the measure ν3.
As K > 4k + 1, we have K − 3k > k + 1, which finishes the proof.

3. Construction of densities with large λ1
Now that we have seen we can bound λgk(ρ, ρα) for α ∈
(
0, n−2
n
)
, we are going to show that
for α ∈
(
n−2
n
, 1
)
, the supremum λ∗1,α(M, g) can be equal to +∞ for a certain type of manifold.
The reader can refer to [CESS15, Section 5] for the definition of a manifold of revolution.
Theorem 2. Let Ω be a manifold of revolution of dimension n > 2. If α ∈
(
n−2
n
, 1
)
, then
λ∗k,α(Ω) = +∞.
Proof. Without loss of generality, we assume 0 ∈ Ω. For all m > 1, we define the radial density
function ρm by
ρm(x) = e−m|x|
2
.
As ρm 6 1 and α < 1, we get ραm > ρm. Then
λ1(ρm, ραm) > λ1(ρm, ρm).
According to A. Savo, A. El Soufi, and B. Colbois (see [CESS15, Theorem 5.2]), we know that
in dimension larger than 2, there exists an m0 such that for all m > m0, λ1(ρm, ρm) > m. Thus
for m > m0,
λ1(ρm, ραm) > m. (3.1)
Let ρ˜m = ρm|Ω|∫
Ω ρmdx
· It is clear that ρ˜m is a continuous bounded function on Ω with ∫Ω ρ˜mdx = |Ω|.
Thanks to the variational characterisation (1.1), we get
λ1(ρ˜m, ρ˜αm) = inf
u∈E1
∫
Ω |∇u|2
(
ρm|Ω|∫
Ω ρmdx
)α
dx∫
Ω u
2
(
ρm|Ω|∫
Ω ρmdx
)
dx
= λ1(ρm, ραm)
(
1
|Ω|
∫
Ω
ρmdx
)1−α
. (3.2)
Using (3.1) and (3.2), we get
λ1(ρ˜m, ρ˜αm) > m
(
1
|Ω|
∫
Ω
ρmdx
)1−α
.
It remains to estimate (
∫
Ω ρmdx)
1−α.
Lemma 6. For m large enough, ∫
Ω
e−m|x|
2dx > e−nm−n2 .
Proof. As 0 is in Ω, there exists L > 0 such that Ω contains the n-square (−L,L)n.
Therefore, ∫
Ω
e−m|x|
2dx >
(∫ L
−L
e−mt
2dt
)n
.
Notice that t 7→ e−mt2 is a decreasing function on (0, L). Moreover this function takes the value
e−1 if t = m− 12 . We deduce that ∫ L
−L
e−mt
2dt > e−1m− 12 ,
and the lemma is proved. One can refer to the figure 3 for a visual intuition.
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−L Lm− 12
e−mt
2
e−1
t
Figure 3. Minoration of the integral by the area of the rectangle

Thanks to this lemma, we finally obtain
λ1(ρ˜m, ρ˜αm) >
e−n(1−α)
|Ω|1−α m
1−n2 (1−α).
Since α > n−2
n
, then 1 − n2 (1 − α) > 0 which means that λ1(ρ˜m, ρ˜αm) −→m→∞ ∞ and the proof is
complete. 
In the proposition below, we will show that in dimension 1, the previous result (Theorem 2)
holds true for α ∈ (0, 1).
Proposition 7. Let us take M = (−1, 1). Then for all α ∈ (0, 1),
λ∗1,α(M) = +∞.
Proof. The above equation
− div(ρα∇u) = λρu
with Neumann boundary conditions on (−1, 1) becomes
ρα−1u′′ + αρα−2ρ′u′ + λu = 0
ρα−1u′′ + α
α− 1
(
ρα−1
)′
u′ + λu = 0.
We can differentiate to obtain
ρα−1u′′′ +
(
ρα−1
)′
u′′ + α
α− 1
(
ρα−1
)′
u′′ + α
α− 1
(
ρα−1
)′′
u′ + λu′ = 0.
Now we define y = u′ and the equation (1.2) becomes
ρα−1y′′ + 2α− 1
α− 1 (ρ
α−1)′ y′ +
(
α
α− 1 (ρ
α−1)′′ + λ
)
y = 0 in (−1, 1)
y(1) = y(−1) = 0
Remark that if we multiply by ρα we get
ρ2α−1y′′ + (2α− 1)ρ2α−2ρ′y′ +
(
α
α− 1
(
ρα−1
)′′
+ λ
)
ραy = 0,
i.e. (
ρ2α−1y′
)′
+
(
λ− α1− α
(
ρα−1
)′′)
ραy = 0. (3.3)
Now let m be a positive integer. We want to choose ρ = ρm such that λ1 (ρm, ραm) > m. To do
this we first solve the equation α1−α (ρ
α−1)′′ = m which admits (at least) one positive solution
on (−1, 1). We choose the density such that ρm(x)α−1 = 1−α2α (1 +mx2), that is,
ρm(x) =
( 2α
1− α
) 1
1−α 1
(1 +mx2)
1
1−α
.
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Now we multiply the equation (3.3) by y and integrate it by parts to get∫ 1
−1
(
ρ2α−1m y
′)′ ydx+ (λ−m) ∫ 1
−1
ραmy
2dx = 0,
[
ρ2α−1m y
′y
]1
−1 −
∫ 1
−1
ρ2α−1m (y′)2dx+ (λ−m)
∫ 1
−1
ραmy
2dx = 0.
But we know that y = u′ vanishes at −1 and 1. We obtain the following
(λ−m)
∫ 1
−1
ραmy
2dx =
∫ 1
−1
ρ2α−1m (y′)2dx > 0.
So λ = λ (ρm, ραm) > m.
Again, we use the idea of Lemma 6 to see that the normalised eigenvalue is not bounded:
λ1(ρ˜m, ρ˜αm) > m ·m−
1
2 = m 12 .
The number m being arbitrarily large, this concludes the proof. 
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